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Abstract. - An alternative approach to perturbative Yang-Mills theories in 3+1 dimensional
space-time based on the causal Epstein-Glaser method in QFT was recently proposed.
In this short note we show that the set of identities between C-number distributions expressing
nonabelian gauge invariance in the causal approach imply identities which are analogous to the
well-known Slavnov-Taylor identities. We explicitly derive the Z-factor relations at one-loop
level.
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Nonabelian Gauge Invariance was recently analysed in the causal Epstein-Glaser approach to
perturbative QFT [1]. In this approach the S-matrix is directly constructed in the Fock space
of the free asymptotic elds in the form of a formal power series


























where g(x) is a tempered test function which switches the interaction. The central objects are
the n-point distributions T
n
which may be viewed as mathematically well-dened time-ordered
products. The dening equations of the theory in the causal formalism are the fundamental
(anti-)commutation relations of the free eld operators, their dynamical equations and the spe-
cic coupling of the theory T
n=1
. The n-point distributions T
n
in (1) are then constructed
inductively from the given rst order T
n=1
according to the Epstein-Glaser construction [2]
which allows a direct construction of the renormalized (nite) perturbation series without any
intermediate modications. The physical infrared problem is naturally separated by the adia-
batic switching of the S-matrix S(g) with a tempered test function g.
Considering Yang-Mills theory in four space-time dimensions, the corresponding specic cou-











































where  and  are free constants. All eld operators herein are well-dened free elds and
these are the only quantities appearing in the whole theory. The double dots denote their
normal ordering. The specic coupling T
n=1
(x) of the theory does not contain quadrilinear
terms proportional to g
2
, the four-gluon-vertex nor the four-ghost-vertex. Both terms are
automatically generated in second order by our gauge invariance condition [3].
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are the emission and absorption parts of A and D
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denotes the usual antisymmetric structure constants of the gauge group SU (N ). The
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Now one considers the linear (abelian!) BRS transformations of the free asymptotic eld oper-






























































In the algebra, generated by the fundamental eld operators, one introduces a gradation by the
ghost number G(
^










One can dene an anti-derivation d
Q




















Nonabelian gauge invariance in the causal approach means that the commutator of the specic

















































can be written as a
divergence. Note the dierent compensation of terms in the invariance equation (2) compared
with the invariance of the Yang-Mills Lagrangean under the full BRS-transformations of the
interaction elds in the conventional formalism.
T
n=1
in (1) represents the most general gauge invariant (in the sense of (12)) and Lorentz
invariant operator, which is also invariant in regard to the global SU (n) group and in regard to
the discrete symmetry transformations C, P, T , and which has maximal mass dimension four
and ghost charge zero. Note that terms with four operators are ruled out by the gauge invariance
condition (12). As we have already mentioned above, the four-gluon- and four-ghost-couplings
are automatically generated by the gauge invariance condition in the second order. Moreover,
we left out all possible gauge invariant terms with two operators because the information of
quadratic terms are already contained in the fundamental (anti-)commutation relations and the
dynamical equations of the operators.
T
n=1


























is also a divergence (in the sense of vector analysis).
The condition of nonabelian operator gauge invariance in the causal approach is expressed in
every order of perturbation theory separately by a simple commutator relation of the n-point
distributions T
n





































; : : : ; x
n
) are n-point distributions of an extended theory which contains, in addi-
tion to the usual Yang-Mills couplings T
n=1




occurs in (11) as a divergence-representation of [Q; T
1
]. The rst order S-matrix of the extended

































must be an anti-commuting C-number eld. The higher
orders are determined by the usual inductive Epstein Glaser construction up to local normal-
ization terms. The T

n=l
are the n-point distributions of the extended theory with one Q-vertex
at x
l
, all other n   1 vertices are ordinary Yang-Mills vertices (2) (for details see [1]).
The representation of [Q; T
n=1






with the same mass dimension and ghost number as T

1=1







































= 0;  2 C free. (15)
The choice of  has just practical reasons and has no physical consequences.
We claimed in [1] that the simple operator condition (13) involving only well-dened asymptotic
eld operators expresses the full content of the nonabelian gauge structure of the quantized the-
ory. We proved this condition by induction on the order n of perturbation theory following the





. We also proved that this condition implies the unitarity of
the S-matrix in the physical subspace , i.e. the decoupling of the unphysical degrees of freedom
in the theory. Thus, the concept of abelian gauge transformations of the free eld operators is
sucient in order to derive the most important consequence of nonabelian gauge invariance in
perturbative quantum eld theory.
However, one may doubt if this simple operator equation represents the whole content of non-
abelian gauge invariance in perturbation theory, for example the consequences for (amputated)
Greensfunctions, namely the Slavnov-Taylor identities. The purpose of this note is to show that
the equation (13) also contains this latter information.
In [1] we expressed the operator gauge invariance condition by a set of identities between C-
number distributions. These C-number identities for gauge invariance (so-called cg-identities)
are sucient for the operator condition (13). We have rewritten these identities in the appendix.
Note that they correspond to the specic choice  = 0 and  = 0 in (2), which corresponds to
the Faddeev Popov specic coupling. Moreover, we have chosen  = 0, the most suitable choice
for the Q-vertex.
It is an advantage of the causal approach that the physical infrared problem is naturally sep-
arated by adiabatic switching of the S-matrix by a tempered testfunction g and also absent
before the limit g ! 1 is taken. So all examinations regarding gauge invariance and unitarity
are mathematically well-dened. But one has to pay a prize: In order to express the operator
gauge invariance condition (13) in a set of identities between C-number distributions, we have
to work out the explicit form of the divergence in (12) and (13)([1],[4]). Moreover, one has to
distinguish the operator and its derivative , which implies the relative largeness of the set of
cg-identities.
4
However, we can derive 5 summed identities from this large set of identities which are totally
analogous to the Slavnov-Taylor identities.
In fact, we can eliminate all distributions with one Q-vertex besides the divergences in regard
to the inner variables. One arrives at relations which almost only involve distributions of the
orginal theory: In order to get the summed 2-leg identity, one has to insert (A.1) into (A.2).
Besides the 3-leg identity (A.3) one attends another summed (3-leg) identity by inserting (A.6)
into (A.5), then (A.5) into (A.4). The 4-leg identities are treated analogously: Inserting (A.12)
into (A.8), we get the rst summed 4-leg identity and inserting (A.11) into (A.10), then (A.10)
into (A.9) and nally (A.9) into (A.7), we arrive at the second summed 4-leg identity:
 In the rst step we dene the following summed distributions. These denitions are natural,
because the dened distributions represent in each case the sum of all distributions which would
contribute to the same operator in the adiabatic limit (Partial integrating is formally possible
in the adiabatic limit.). The crucial point is that also the four-gluon terms proportional to 
which originate from the induced four-gluon normalisation term in second order ([1]) contribute
to the operator where all external legs are attached to dierent vertices and therefore have to

























































































































































































































































































































































































































































































































































































; :::); l > 4







 Having dened these summed distributions we arrive at the summed two-leg identity by
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; : : : ; x
n 1
) = 0 (17)
Inserting (A.6) and (A.5) into (A.4) and using the new denitions, we arrive at the rst summed
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; : : : ; x
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) = 0 (18)





























































































; : : :) = 0: (19)
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; : : :)] (20)
Inserting (A.11) into (A.10), then (A.10) into (A.9) and nally (A.9) into (A.7), we arrive at
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+ degenerate terms = 0 (21)
These 5 (summed) identities are alike the Slavnov-Taylor identities. They can directly compared
with explicit identities which can be found in the literature [5]. But note that the summed cg-
identities above are more general because in the usual identities the adiabatic limit g ! 1 in
the inner variables is already taken.
Finally, we derive the well-known relation between the Z-factors of the gluon vertex, the gluon
propagator, the ghost vertex and the ghost propagator at one-loop level [5] from these summed
Cg-identities :
 One easily checks that the following (local) renormalisations of the self energy distributions
are compatible with the rst summed identity of gauge invariance (17) (and also with Lorentz
invariance, all the discrete symmetries and pseudo-unitarity) in the nth step of the inductive
construction. Because we are interested in the comparison with the Slavnov-Taylor identities,
we state only the relevant local normalisation terms which survive in the adiabatic limit in






































The possible renormalisations of the two vertices (compatible with Lorentz invariance, discrete



















































The second summed identity (18) implies the following relation between these four normalisa-
















:= 1 + C
i
(Note our conventions in the ghost sector!), we directly get the well-












The interpretation of this relation is slightly dierent in the causal approach: It represents the
restrictions by gauge invariance on nite normalisation terms only. We do not need any innite
part in the Z-factors to absorb divergences in the causal approach.
Using the two summed 4-leg identities or the identities, one can analogously deduce the corre-
sponding relation of the Z-factor of the four-gluon vertex.
Appendix Cg-Identities
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; : : :) with
Q-vertex at the second argument of the numerical distribution t. All 2-leg distributions contain
the colour tensor 
ab
, all 3-leg distributions the colour factor f
abc
. Therefore we dene the
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(4; 1; 3; 5 : : :)]g   gf(a; x
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(1; 3; 4; 5 : : :)  ( ! )]g+
g
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(1; 2; 3; 4; 5; : : :)  ($ )] +
1
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